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We consider a mathematical model which describes the quasistatic process of contact
between a piezoelectric body and an electrically conductive support, the so-called
foundation. We model the material’s behavior with a nonlinear electro-viscoelastic
constitutive law; the contact is frictionless and is described with the Signorini condition
and a regularized electrical conductivity condition. We derive a variational formulation for
the problem and then we prove the existence of a unique weak solution to the model. The
proof is based on arguments of nonlinear equations with multivalued maximal monotone
operators and ﬁxed point. Then we introduce a fully discrete scheme, based on the ﬁnite
element method to approximate the spatial variable and the backward Euler scheme to
discretize the time derivatives. We treat the unilateral contact conditions by using an
augmented Lagrangian approach. We implement this scheme in a numerical code then
we present numerical simulations in the study of two-dimensional test problems, together
with various comments and interpretations.
Crown Copyright © 2009 Published by Elsevier Inc. All rights reserved.
1. Introduction
Piezoelectric materials are characterized by the coupling between the mechanical and electrical properties. This cou-
pling leads to the appearance of electric potential when mechanical stress is present and, conversely, mechanical stress
is generated when electric potential is applied. The ﬁrst effect is used in mechanical sensors and the reverse effect is
used in actuators, in engineering control equipment. Piezoelectric materials for which the mechanical properties are elas-
tic are also called electro-elastic materials, and those for which the mechanical properties are viscoelastic are also called
electro-viscoelastic materials. General models for piezoelectric materials can be found in [8,13,18] and in the more recent
monograph [26].
Currently, there is a considerable interest in the study of contact problems involving piezoelectric materials. Thus, static
frictional contact problems for electro-elastic materials were studied in [4,9,16,17,22], under the assumption that the founda-
tion is insulated. The results in [4,9,16] concern mainly the numerical simulation of the problems while the results in [17,22]
deal with the variational formulations of the problems and their unique weak solvability. Quasistatic frictional contact prob-
lems with normal compliance for electro-viscoelastic materials were investigated in [5,23] under the assumption that the
foundation is insulated, and in [15] under the assumption that the foundation is electrically conductive. A dynamic friction-
less contact problem with normal compliance for electro-viscoelastic materials was studied recently in [6]. There, besides
the unique solvability of the problem, the inﬂuence of the electrical properties of the foundation on the contact process was
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numerical simulations were provided.
The present paper represents a continuation of [6] and it deals with a mathematical model which describes the fric-
tionless contact between a piezoelectric body and a conductive foundation. We use both the electro-viscoelastic constitutive
law and the electrical contact conditions used in [6] but, unlike [6], we assume here that the process is quasistatic and the
foundation is rigid. Therefore, we neglect the inertial term in the equation of motion and we model the contact with the
well-known Signorini condition; as a consequence, the resulting variational formulation of the problem is different from
that in [6] and represents a new mathematical model, which is in a form of a system coupling a ﬁrst-order evolutionary
inclusion with unilateral constraints for the displacement ﬁeld with a time-dependent nonlinear equation for the electric
potential ﬁeld. The analysis and numerical approach of this system represent the main trait of novelty of the present paper.
The rest of the paper is structured as follows. In Section 2 we present the model for the quasistatic frictionless contact of
an electro-viscoelastic body and provide explanation on the equations and boundary conditions. In Section 3 we introduce
the notation, list the assumptions on problem’s data, derive the variational formulation of the problem and state our main
existence and uniqueness result, Theorem 3.1. The proof of the theorem is carried out in several steps and is presented in
Section 4. Next, in Section 5, we consider a fully discrete scheme to approximate the problem, based on the ﬁnite element
method to approximate the spatial variable and the backward Euler scheme to discretize the time derivatives. Then we
describe its numerical treatment, based on the augmented Lagrangian approach. Finally, in Section 6, we present numerical
simulations in the study of a two-dimensional test problem, obtained by the implementation of the corresponding algorithm
in a numerical code.
We conclude this section with some notation and preliminaries we shall use in this paper. Given a real Hilbert space X ,
we denote by (·,·)X the inner product on X and by ‖ · ‖X the associated norm. For a function φ : X → ]−∞,∞] we use the
notation D(φ) and ∂φ for the effective domain and the subdifferential of φ, i.e.
D(φ) = {u ∈ X: φ(u) = ∞}, (1.1)
∂φ(u) = { f ∈ X: φ(v) − φ(u) ( f , v − u)X ∀v ∈ X}, ∀u ∈ X . (1.2)
We use the usual notation for the Lebesgue spaces Lp(0, T ; X) and Sobolev spaces Wk,p(0, T ; X ) where 1  p ∞ and
k ∈N. Finally, we recall the following existence and uniqueness result.
Theorem 1.1. Let X be a real Hilbert space and let φ : X → ]−∞,+∞] be a convex proper lower semicontinuous function. Then, for
every f ∈ L2(0, T ; X) and u0 ∈ D(φ), there exists a unique function u ∈ W 1,2(0, T ; X) which satisﬁes
u˙(t) + ∂φ(u(t)) 	 f (t) a.e. t ∈ (0, T ), (1.3)
u(0) = u0. (1.4)
Theorem 1.1 will be used in Section 3 in order to prove the unique weak solvability of our contact problem; its proof
can be found in [10, p. 72] or [7, p. 35].
2. The model
We consider a body made of a piezoelectric material which occupies the domain Ω ⊂ Rd (d = 2,3) with a smooth
boundary ∂Ω = Γ and a unit outward normal ν . The body is acted upon by body forces of density f 0 and has volume
free electric charges of density q0. It is also constrained mechanically and electrically on the boundary. To describe these
constraints we assume a partition of Γ into three open disjoint parts Γ1, Γ2 and Γ3, on the one hand, and a partition of
Γ1 ∪ Γ2 into two open parts Γa and Γb , on the other hand. We assume that measΓ1 > 0 and measΓa > 0; these conditions
allow the use of coercivity arguments in the proof of the unique solvability of the model. The body is clamped on Γ1 and,
therefore, the displacement ﬁeld vanishes there. Surface tractions of density f 2 act on Γ2. We also assume that the electrical
potential vanishes on Γa and a surface electrical charge of density qb is prescribed on Γb . In the reference conﬁguration the
body may come in contact over Γ3 with a rigid conductive support, the so-called foundation. The contact is frictionless and,
since the foundation is assume to be rigid, we model it with the Signorini condition in a form with a nonzero initial gap
function. Also, since we assume that the foundation is conductive, there may be electrical charges on the part of the body
which is in contact with the foundation and which vanish when the current gap between the body and the foundation is
large enough.
We are interested in the deformation of the body on the time interval [0, T ]. The process is assumed to be quasistatic,
i.e. the inertial effects in the equation of motion are neglected. We denote by x ∈ Ω ∪ Γ and t ∈ [0, T ] the spatial and the
time variable, respectively, and, to simplify the notation, we do not indicate in what follows the dependence of various
functions on x and t . In this paper i, j,k, l = 1, . . . ,d, summation over two repeated indices is implied, and the index that
follows a comma represents the partial derivative with respect to the corresponding component of x. The dot above variable
represents the time derivatives, i.e. f˙ = ∂ f .∂t
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product and the Euclidean norm on Sd and Rd , respectively, that is u · v = ui vi , ‖v‖ = (v · v)1/2 for u = (ui), v = (vi) ∈Rd ,
and σ · τ = σi jτi j , ‖τ‖ = (τ · τ )1/2 for σ = (σi j), τ = (τi j) ∈ Sd . We also use the usual notation for the normal components
and the tangential parts of vectors and tensors, respectively, given by uν = u · ν , uτ = u − uνν , σν = σi jνiν j , and σ τ =
σν − σνν .
With the notation above, the classical model for the process is as follows.
Problem P . Find a displacement ﬁeld u = (ui) :Ω × [0, T ] → Rd , a stress ﬁeld σ = (σi j) :Ω × [0, T ] → Sd , an electric
potential ϕ :Ω × [0, T ] →R and an electric displacement ﬁeld D = (Di) :Ω × [0, T ] →Rd such that
σ = Aε(u˙) + Bε(u) − E∗E(ϕ) in Ω × (0, T ), (2.1)
D = Eε(u) + βE(ϕ) in Ω × (0, T ), (2.2)
Divσ + f 0 = 0 in Ω × (0, T ), (2.3)
div D − q0 = 0 in Ω × (0, T ), (2.4)
u = 0 on Γ1 × (0, T ), (2.5)
σν = f 2 on Γ2 × (0, T ), (2.6)
uν  g, σν  0, σν(uν − g) = 0 on Γ3 × (0, T ), (2.7)
σ τ = 0 on Γ3 × (0, T ), (2.8)
ϕ = 0 on Γa × (0, T ), (2.9)
D · ν = qb on Γb × (0, T ), (2.10)
D · ν = kψg0 (uν − g)φL(ϕ − ϕ0) on Γ3 × (0, T ), (2.11)
u(0) = u0 in Ω. (2.12)
We now describe problem (2.1)–(2.12) and provide explanation of the equations and the boundary conditions.
First, Eqs. (2.1) and (2.2) represent the electro-viscoelastic constitutive law in which ε(u) = (εi j(u)) denotes the lin-
earized strain tensor, E(ϕ) is the electric ﬁeld, A and B are the viscosity and elasticity operators, respectively, E = (ei jk)
represents the third-order piezoelectric tensor, E∗ is its transpose and β denotes the electric permittivity tensor. We recall
that εi j(u) = (ui, j + u j,i)/2 and E(ϕ) = −∇ϕ = −(ϕ,i). Also, the tensors E and E∗ satisfy the equality
Eσ · v = σ · E∗v ∀σ ∈ Sd, v ∈Rd,
and the components of the tensor E∗ are given by e∗i jk = eki j . Eq. (2.1) indicates that the mechanical properties of the
materials are described by a viscoelastic Kelvin–Voigt constitutive relation (see [12] for details) which takes into account the
dependence of the stress ﬁeld on the electric ﬁeld. Relation (2.2) describes a linear dependence of the electric displacement
ﬁeld D on the strain and electric ﬁelds; such a relation has been frequently employed in the literature (see, e.g., [8,9,18]
and the references therein).
Next, Eqs. (2.3) and (2.4) are the balance equations for the stress and electric-displacement ﬁelds, respectively, in which
“Div” and “div” denote the divergence operators for tensor and vector valued functions, i.e. Divσ = (σi j, j), div D = (Di,i).
We use these equations since the process is assumed to be quasistatic.
Conditions (2.5) and (2.6) are the displacement and traction boundary conditions, whereas (2.9) and (2.10) represent the
electric boundary conditions; these conditions show that the displacement ﬁeld and the electrical potential vanish on Γ1 and
Γa , respectively, while the forces and free electric charges are prescribed on Γ2 and Γb , respectively. Also, (2.12) represents
the initial condition in which u0 is the given initial displacement ﬁeld.
We turn now to the boundary conditions (2.7), (2.8), and (2.11) which describe the contact on the surface Γ3 and in
which our main interest is. First, condition (2.7) represents the well-known Signorini contact condition in which g represents
the gap in the reference conﬁguration between Γ3 and the foundation, measured along the direction of ν . This condition was
ﬁrst introduced in [20] and used in a large number of papers, see for instance the references in [12,21]. Inequality uν  g
shows that the normal displacements are restricted by the presence of the rigid support, inequality σν  0 arises from the
fact that the reaction of the foundation is towards the body and, ﬁnally, the complementarity condition σν(uν − g) = 0
shows that either σν = 0 when there is no contact, or uν = g during the contact. Condition (2.8) shows that the friction
force vanishes on the contact surface and we use it since the contact is assumed to be frictionless. This is an idealization of
the process, since even completely lubricated surfaces generate shear resistance to tangential motion, see [12,21] for details.
Next, (2.11) represents a regularized electrical contact condition on Γ3, similar to that used in [6,15], which may be
obtained as follows. When there is no contact at a point on the surface (i.e. uν < g), the gap is assumed to be an insulator
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no free electrical charges on the surface. Thus,
uν < g ⇒ D · ν = 0. (2.13)
During the process of contact (i.e. when uν = g) the normal component of the electric displacement ﬁeld is assumed be
proportional to the difference between the potential on the body surface and the foundation. Thus,
uν = g ⇒ D · ν = k(ϕ − ϕ0), (2.14)
where k is a nonnegative constant, the electrical conductivity coeﬃcient, and ϕ0 represents the electric potential of the
foundation. We combine (2.13) and (2.14) to see that, in both of the cases above, we have
D · ν = kχ[0,∞)(uν − g)(ϕ − ϕ0), (2.15)
where χ[0,∞) is the characteristic function of the interval [0,∞), that is
χ[0,∞)(r) =
{
0 if r < 0,
1 if r  0.
Condition (2.15) describes perfect electrical contact and is somewhat similar to the well-known Signorini contact con-
dition. Both conditions may be over-idealizations in many applications. To make it more realistic, we regularize condi-
tion (2.15) with condition (2.11) where ψg0 and φL are the functions given by
ψg0 (r) =
⎧⎪⎪⎨
⎪⎪⎩
0 if r < −g0,
r + g0
g0
if −g0  r  0,
1 if r > 0,
(2.16)
φL(s) =
{−L if s < −L,
s if −L  s L,
L if s > L,
(2.17)
in which g0 denotes a small positive parameter and L is a large positive constant.
This regularization is introduced here for mathematical reasons. Indeed, we need to control the bounds of the difference
ϕ − ϕ0 for large ϕ and for this reason we introduce the truncation function φL ; also, we need to avoid the discontinuity
in the free electric charge when contact is established and therefore we regularize the indicator function of the interval
[0,∞) with the Lipschitz continuous function ψg0 for g0 small. Nevertheless, we note that this regularization does not pose
any practical limitation on the applicability of the model and seams to be reasonable from physical point of view. Indeed,
L may be arbitrarily large, higher than any possible peak voltage in the system and therefore in applications we can assume
that φL(ϕ − ϕ0) = ϕ − ϕ0; also, the air is electrically conductive under a critical thickness and behaves like an insulator
only above a critical thickness, which justiﬁes the use of the electrical conductivity coeﬃcient kψg0 (uν − g) instead of
kχ[0,∞)(uν − g).
Finally, note that considering k = 0 in (2.11) leads to equality
D · ν = 0 on Γ3 × (0, T ), (2.18)
which decouples the electrical and mechanical unknowns on the contact surface. Condition (2.18) models the case when the
obstacle is a perfect insulator and was used in [9,16,17,22,23]. Condition (2.11), instead of (2.18), introduces strong coupling
between the mechanical and the electric boundary conditions and leads to a new and nonstandard mathematical model.
Because of the contact condition (2.7), which is nonsmooth, we do not expect the problem to have, in general, any
classical solutions. For this reason, we derive in the next section a variational formulation of the problem and investigate its
solvability. Moreover, variational formulations are also starting points for the construction of ﬁnite element algorithms for
this type of problems.
3. Variational formulation
We turn now to the variational formulation of the problem and, to this end, we need additional notation and preliminar-
ies. We use standard notation for the Lp and the Sobolev spaces associated with Ω , Γ and (0, T ); moreover, for a function
ζ ∈ H1(Ω) we still write ζ to denote its trace on Γ . We recall that the summation convention applies to a repeated index.
Besides the space L2(Ω)d endowed with the canonic inner product (·,·)L2(Ω)d and the associated norm ‖ · ‖L2(Ω)d , we use
the space
Q = {τ = (τi j): τi j = τ ji ∈ L2(Ω)},
which is a real Hilbert space endowed with the inner product and the associated norm given by
(σ ,τ )Q =
∫
σi jτi j dx, ‖σ‖Q = (σ ,τ )
1
2
Q .Ω
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to satisfy the conditions:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(a) A :Ω × Sd → Sd.
(b) A(x, ξ) = (aijkh(x)ξkh) ∀ξ = (ξi j) ∈ Sd, a.e. x ∈ Ω.
(c) aijkh = a jikh = akhi j ∈ L∞(Ω).
(d) There exists mA > 0 such that aijkhξi jξkh mA‖ξ‖2 ∀ξ = (ξi j) ∈ Sd, a.e. x ∈ Ω.
(3.1)
⎧⎪⎪⎨
⎪⎪⎩
(a) B :Ω × Sd → Sd.
(b) There exists LB > 0 such that ‖B(x, ξ1) − B(x, ξ2)‖ LB‖ξ1 − ξ2‖ ∀ξ1, ξ2 ∈ Sd, a.e. x ∈ Ω.
(c) The mapping x → B(x, ξ) is measurable on Ω, for each ξ ∈ Sd.
(d) The mapping x → B(x,0) belongs to Q .
(3.2)
The piezoelectric tensor E and the electric permittivity tensor β satisfy⎧⎪⎨
⎪⎩
(a) E :Ω × Sd →Rd.
(b) E(x,τ ) = (ei jk(x)τ jk) ∀τ = (τi j) ∈ Sd, a.e. x ∈ Ω.
(c) ei jk = eikj ∈ L∞(Ω).
(3.3)
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(a) β :Ω ×Rd →Rd.
(b) β(x, E) = (βi j(x)E j) ∀E = (Ei) ∈Rd, a.e. x ∈ Ω.
(c) βi j = β ji ∈ L∞(Ω).
(d) There exists mβ > 0 such that βi j(x)Ei E j mβ‖E‖2 ∀E = (Ei) ∈Rd, a.e. x ∈ Ω.
(3.4)
The forces, tractions, volume and surface free charge densities satisfy
f 0 ∈ L2
(
0, T ; L2(Ω)d), f 2 ∈ L2(0, T ; L2(Γ2)d), (3.5)
q0 ∈ W 1,2
(
0, T ; L2(Ω)), qb ∈ W 1,2(0, T ; L2(Γb)). (3.6)
Finally, we assume that the gap function, the electrical conductivity coeﬃcient and the potential of the foundation satisfy
g ∈ L2(Γ3), g  0 a.e. on Γ3, (3.7)
k ∈ L∞(Γ3), k 0 a.e. on Γ3, (3.8)
ϕ0 ∈ L2(Γ3). (3.9)
For the displacement and electric potential ﬁelds we use the spaces
V = {v ∈ H1(Ω)d: v = 0 on Γ1},
W = {ζ ∈ H1(Ω): ζ = 0 on Γa}.
Since measΓa > 0 it is well known that W is a real Hilbert spaces endowed with the inner product
(ϕ, ζ )W = (∇ϕ,∇ζ )L2(Ω)d .
Also, since measΓ1 > 0 and the viscosity tensor satisﬁes assumption (3.1), it follows that V is a real Hilbert spaces endowed
with the inner product
(u, v)V =
(Aε(u),ε(v))Q . (3.10)
Moreover, by the Sobolev trace theorem, there exist two positive constants c0 and c˜0 such that
‖v‖L2(Γ3)d  c0‖v‖V ∀v ∈ V , ‖ζ‖L2(Γ3)  c˜0‖ζ‖W ∀ζ ∈ W . (3.11)
Next, we deﬁne the set of admissible displacement ﬁelds K and the mappings J : V × W × W → R, f : [0, T ] → V and
q : [0, T ] → W , respectively, by
K = {v ∈ V : vν  g on Γ3}, (3.12)
J (u,ϕ, ζ ) =
∫
Γ3
kψg0 (uν − g)φL(ϕ − ϕ0)ζ da, (3.13)
(
f (t), v
)
V =
∫
Ω
f 0(t) · v dx+
∫
Γ2
f 2(t) · v da, (3.14)
(
q(t), ζ
)
W =
∫
q0(t)ζ dx−
∫
qb(t)ζ da, (3.15)Ω Γb
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imply that the integrals in (3.13)–(3.15) are well deﬁned. Moreover, it follows from (3.5) and (3.6) that
f ∈ L2(0, T ; V ), (3.16)
q ∈ W 1,2(0, T ;W ). (3.17)
Using an integration by parts and equalities (3.12)–(3.15), it is straightforward to see that if (u,σ ,ϕ, D) are suﬃciently
regular functions which satisfy (2.3)–(2.11) then
u(t) ∈ K , (σ (t),ε(v) − ε(u(t)))Q  ( f (t), v − u(t))V , (3.18)(
D(t),∇ζ )L2(Ω)d + (q(t), ζ )W = J(u(t),ϕ(t), ζ ), (3.19)
for all v ∈ K , ζ ∈ W and t ∈ [0, T ]. We substitute (2.1) in (3.18), (2.2) in (3.19), recall that E(ϕ) = −∇ϕ and use the initial
condition (2.12) to derive the following variational formulation of Problem P , in the terms of displacement and electric
potential ﬁelds.
Problem PV . Find a displacement ﬁeld u : [0, T ] → V and an electric potential ϕ : [0, T ] → W such that
u(t) ∈ K , (Aε(u˙(t)),ε(v) − ε(u(t)))Q + (Bε(u(t)),ε(v) − ε(u(t)))Q + (E∗∇ϕ(t),ε(v) − ε(u(t)))Q

(
f (t), v − u(t))V ∀v ∈ K , a.e. t ∈ (0, T ), (3.20)(
β∇ϕ(t),∇ζ )L2(Ω)d − (Eε(u(t)),∇ζ )L2(Ω)d + J(u(t),ϕ(t), ζ )= (q(t), ζ )W ∀ζ ∈ W , ∀t ∈ [0, T ], (3.21)
u(0) = u0. (3.22)
To study Problem PV we make the regularity assumption
u0 ∈ K (3.23)
on the initial data, as well as the smallness assumption
‖k‖L∞(Γ3) <
mβ
c˜20
, (3.24)
where mβ and c˜0 and are given in (3.4), and (3.11), respectively. We note that only the trace constant and the coercivity
constant of β are involved in (3.24); therefore, this smallness assumption involves only the geometry and the electrical data,
and does not depend on the mechanical data of the problem. Moreover, it is satisﬁed when the obstacle is insulated, since
then k = 0. Removing this assumption remains a task for future research, since it is made for mathematical reasons, and
does not seem to relate to any inherent physical constraints of the problem.
Our main existence and uniqueness result that we state here and prove in the next section is the following.
Theorem 3.1. Assume (3.1)–(3.9) and (3.23)–(3.24). Then there exists a unique solution (u,ϕ) to Problem PV . Moreover, the solution
satisﬁes
u ∈ W 1,2(0, T ; V ), ϕ ∈ W 1,2(0, T ;W ). (3.25)
A quadruple of functions (u,σ ,ϕ, D) which satisﬁes (2.1), (2.2), (3.20)–(3.22) is called a weak solution of the piezoelectric
contact problem P . It follows from Theorem 3.1 that, under the assumptions (3.1)–(3.9), (3.23)–(3.24), there exists a unique
weak solution of Problem P .
To precise the regularity of the weak solution we note that the constitutive relations (2.1) and (2.2), assumptions (3.1)–
(3.4) and regularity (3.25) imply that
σ ∈ L2(0, T ; Q ), D ∈ W 1,2(0, T ; L2(Ω)d). (3.26)
Moreover, using again (2.1), (2.2) combined with (3.20), (3.21) and the notation (3.13)–(3.15), after standard arguments we
obtain that Divσ (t)+ f 0(t) = 0 a.e. t ∈ (0, T ) and div D(t) = q0(t) for all t ∈ [0, T ]. It follows now from the regularities (3.5)
and (3.6) that
Divσ ∈ L2(0, T ; L2(Ω)d), div D ∈ W 1,2(0, T ; L2(Ω)). (3.27)
We conclude that the weak solution (u,σ ,ϕ, D) of the piezoelectric contact problem P has the regularity (3.25)–(3.27).
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The proof of Theorem 3.1 will be carried out in several steps, and is based on arguments already used in [6,12,24].
Since in some of the steps the modiﬁcations are straightforward, we omit the details. We assume in the following that the
conditions of Theorem 3.1 hold and below we denote by c a generic positive constant which is independent of time and
whose value may change from place to place.
Let η ∈ L2(0, T ; V ) be given. In the ﬁrst step we prove the following existence and uniqueness result for the displacement
ﬁeld.
Lemma 4.1. There exists a unique function uη ∈ W 1,2(0, T ; V ) such that
uη(t) ∈ K ,
(Aε(u˙η(t)),ε(v) − ε(uη(t)))Q + (η(t), v − uη(t))V  ( f (t), v − uη(t))V ∀v ∈ K , a.e. t ∈ (0, T ), (4.1)
uη(0) = u0. (4.2)
Proof. Let I K : V → ]−∞,+∞] denote the indicator function of the set K , i.e.
I K (v) =
{
0 if v ∈ K ,
∞ if v /∈ K . (4.3)
Since K is a nonempty closed convex set of X , it follows that I K is a proper convex lower semicontinuous function. Note
also (3.16) implies that f − η ∈ L2(0, T ; V ) and (3.23) combined with (1.1) shows that u0 ∈ D(I K ). Then it follows from
Theorem 1.1 that there exists a unique function uη ∈ W 1,2(0, T ; V ) such that
u˙η(t) + ∂ I K
(
uη(t)
)+ η(t) 	 f (t) a.e. t ∈ (0, T ), (4.4)
uη(0) = u0. (4.5)
We employ now (1.2), (4.3) and (3.10) to see that uη is a solution of the Cauchy problem (4.4)–(4.5) if and only if uη is a
solution of the Cauchy problem (4.1)–(4.2), which concludes the proof. 
In the second step we use the displacement ﬁeld uη obtained in Lemma 4.1 to obtain the following existence and
uniqueness result for the electric potential.
Lemma 4.2. There exists a unique function ϕη ∈ W 1,2(0, T ;W ) such that(
β∇ϕη(t),∇ζ
)
L2(Ω)d −
(Eε(uη(t)),∇ζ )L2(Ω)d + J(uη(t),ϕη(t), ζ )W = (q(t), ζ )W ∀ζ ∈ W , t ∈ [0, T ]. (4.6)
Proof. The proof of Lemma 4.2 can be ﬁnd in [6]; however, for the convenience of the reader we present below the main
steps in the proof. Let t ∈ [0, T ]; we use the Riesz representation theorem to deﬁne the operator Aη(t) :W → W by(
Aη(t)ϕ, ζ
)
W = (β∇ϕ,∇ζ )W −
(Eε(uη(t)),∇ζ )W + J(uη(t),ϕ, ζ ), (4.7)
for all ϕ, ζ ∈ W . It is easy to see that the operator Aη(t) is a strongly monotone Lipschitz continuous operator on W and,
therefore, there exists a unique element ϕη(t) ∈ W such that
Aη(t)ϕη(t) = q(t). (4.8)
We combine now (4.7) and (4.8) and ﬁnd that the function t → ϕη(t) : [0, T ] → W is the unique solution of the nonlinear
variational equation (4.6).
We show next that ϕη ∈ W 1,2(0, T ;W ). To this end, let t1, t2 ∈ [0, T ] and, for the sake of simplicity, we write ϕη(ti) = ϕi ,
uη(ti) = ui , q(ti) = qi , for i = 1,2. Using (4.6), (3.3), (3.4) and (3.13) we ﬁnd
mβ‖ϕ1 − ϕ2‖2W  cE‖u1 − u2‖V ‖ϕ1 − ϕ2‖W + ‖q1 − q2‖W ‖ϕ1 − ϕ2‖W
+ ‖k‖L∞(Γ3)
∫
Γ3
∣∣ψg0 (u1ν − g)φL(ϕ1 − ϕ0) − ψg0 (u2ν − g)φL(ϕ2 − ϕ0)∣∣|ϕ1 − ϕ2|da, (4.9)
where cE is a positive constant which depends on the piezoelectric tensor E . We use the bounds |ψg0(ui − g)| 1, |φL(ϕi −
ϕ0)| L, the Lipschitz continuity of the functions ψg0 and φL , and (3.11) to obtain∫
Γ3
∣∣ψg0 (u1ν − g)φL(ϕ1 − ϕ0) − ψg0 (u2ν − g)φL(ϕ2 − ϕ0)∣∣|ϕ1 − ϕ2|da

∫
|ϕ1 − ϕ2|2 da + L
g0
∫
|u1ν − u2ν ||ϕ1 − ϕ2|daΓ3 Γ3
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Lc0c˜0
g0
‖u1 − u2‖V ‖ϕ1 − ϕ2‖W .
Inserting the last inequality in (4.9) yields
mβ‖ϕ1 − ϕ2‖W 
(
cE + Lc0c˜0g0 ‖k‖L∞(Γ3)
)
‖u1 − u2‖V + ‖q1 − q2‖W + c˜20‖k‖L∞(Γ3)‖ϕ1 − ϕ2‖W . (4.10)
It follows from inequality (4.10) and assumption (3.24) that
‖ϕ1 − ϕ2‖W  c
(‖u1 − u2‖V + ‖q1 − q2‖W ). (4.11)
Inequality (4.11) combined with regularity uη ∈ W 1,2(0, T ; V ) and (3.17) implies that ϕη ∈ W 1,2(0, T ;W ), which concludes
the proof. 
Now, for η ∈ L2(0, T ; V ) we denote by uη and ϕη the functions obtained in Lemmas 4.1 and 4.2, respectively, and let
Λη(t) be the element of V deﬁned by(
Λη(t), v
)
V =
(Bε(uη(t)),ε(v))Q + (E∗∇ϕη(t),ε(v))Q (4.12)
for all v ∈ V and t ∈ [0, T ]. We have the following result.
Lemma 4.3. For η ∈ L2(0, T ; V ) there holds Λη ∈ W 1,2(0, T ; V ) and the operator Λ : L2(0, T ; V ) → L2(0, T ; V ) has a unique ﬁxed
point η˜.
Proof. Let η ∈ L2(0, T ; V ) and let t1, t2 ∈ [0, T ]. By using the properties of the operators B and E∗ we ﬁnd that∥∥Λη(t1) − Λη(t2)∥∥V  c(∥∥uη(t1) − uη(t2)∥∥V + ∥∥ϕη(t1) − ϕη(t2)∥∥W ). (4.13)
Since uη ∈ W 1,2(0, T ; V ) and ϕη ∈ W 1,2(0, T ;W ) we deduce from (4.13) that Λη ∈ W 1,2(0, T ; V ).
Let now η1,η2 ∈ L2(0, T ; V ) and let t ∈ [0, T ]. We use the notation ui = uηi , v i = u˙ηi = u˙i , ϕi = ϕηi , for i = 1,2. Argu-
ments similar to those used in the proof of (4.13) lead to∥∥Λη1(t) − Λη2(t)∥∥V  c(∥∥u1(t) − u2(t)∥∥V + ∥∥ϕ1(t) − ϕ2(t)∥∥W ). (4.14)
Also, arguments similar to those used in the proof of (4.11) show that∥∥ϕ1(t) − ϕ2(t)∥∥W  c∥∥u1(t) − u2(t)∥∥V . (4.15)
Next, we use (4.1) and (3.10) to see that
(u˙1 − u˙2,u1 − u2)V  (η1 − η2,u1 − u2)V a.e. on (0, T ).
We integrate this equality with respect to time and use the initial conditions u1(0) = u2(0) = u0 to ﬁnd that
1
2
∥∥u1(s) − u2(s)∥∥2V ds
t∫
0
(
η1(s) − η2(s),u2(s) − u1(s)
)
V ds

t∫
0
∥∥η1(s) − η2(s)∥∥V ∥∥u1(s) − u2(s)∥∥V ds
 1
2
t∫
0
∥∥η1(s) − η2(s)∥∥2V ds + 12
t∫
0
∥∥u1(s) − u2(s)∥∥2V ds
and, after a Gronwall argument, we obtain
∥∥u1(t) − u2(t)∥∥2V  c
t∫
0
∥∥η1(s) − η2(s)∥∥2V ds. (4.16)
We combine now (4.14), (4.15) and (4.16) to see that
∥∥Λη1(t) − Λη2(t)∥∥2V  c
t∫ ∥∥η1(s) − η2(s)∥∥2V ds.0
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which concludes the proof. 
We are now ready to prove Theorem 3.1.
Existence. Let η˜ ∈ L2(0, T ; V ) be the ﬁxed point of the operator Λ and let u be the solution of problem (4.1)–(4.2) with
η = η˜, i.e., u = uη˜ . We also denote by ϕ the solution of problem (4.6) with η = η˜, i.e., ϕ = ϕη˜ . Clearly, equalities (3.21) and
(3.22) as well as the regularity (3.25) of the solution follow from Lemmas 4.1 and 4.2. Moreover, since η˜ = Λη˜, it follows
from (4.1) and (4.12) that (3.20) holds, too. We conclude that (u,ϕ) is a solution of Problem PV and it satisﬁes (3.25).
Uniqueness. The uniqueness of the solution follows from the uniqueness of the ﬁxed point of Λ and from the uniqueness
part of Lemmas 4.1 and 4.2.
5. Numerical approach
We now introduce a fully discrete scheme to approximate the solution of Problem PV . First, we consider two ﬁnite
dimensional spaces V h ⊂ V and Wh ⊂ W approximating the spaces V and W , respectively, in which h > 0 denotes the
spatial discretization parameter. In addition, we consider the discrete set of admissible displacements deﬁned by Kh =
K ∩ V h . In the numerical simulations presented in the next section, V h and Wh consist of continuous and piecewise aﬃne
functions, that is,
V h = {wh ∈ [C(Ω)]d: wh|Tr ∈ [P1(Tr)]d ∀Tr ∈ T h, wh = 0 on Γ1}, (5.1)
Wh = {ζ h ∈ C(Ω): ζ h|Tr ∈ P1(Tr) ∀Tr ∈ T h, ζ h = 0 on Γa}, (5.2)
where Ω is assumed to be a polygonal domain, T h denotes a ﬁnite element triangulation of Ω , and P1(Tr) represents the
space of polynomials of global degree less or equal to one in Tr. In addition, we consider a uniform partition of [0, T ],
0 = t0 < t1 < · · · < tN = T , that we use to discretize the time derivatives and, everywhere in this section, we use the
notation k for the time step size, i.e. k = T /N . Finally, for a continuous function f (t) we denote fn = f (tn) and for a
sequence {wn}Nn=0 we use the backward Euler scheme δwn = (wn − wn−1)/k for the divided differences.
We assume in what follows that f 0 ∈ C([0, T ]; L2(Ω)d) and f 2 ∈ C([0, T ]; L2(Γ2)d) where, here and below, C([0, T ]; X)
denotes the space of continuous functions deﬁned on [0, T ] with values in X . This implies that the function f deﬁned
by (3.14) satisﬁes f ∈ C([0, T ]; V ) and, using the backward Euler scheme, the fully discrete approximation of Problem PV
is the following.
Problem PhkV1 . Find a discrete displacement ﬁeld uhk = {uhkn }Nn=0 ⊂ Kh and a discrete electric potential ϕhk = {ϕhkn }Nn=0 ⊂ Wh
such that
(Aε(δuhkn ),ε(wh)− ε(uhkn ))Q + (Bε(uhkn ),ε(wh)− ε(uhkn ))Q + (E∗∇ϕhkn ,ε(wh)− ε(uhkn ))Q

(
f n,w
h − uhkn
)
V ∀wh ∈ Kh,(
β∇ϕhkn ,∇ζ h
)
L2(Ω)d −
(Eε(uhkn ),∇ζ h)L2(Ω)d + J(uhkn ,ϕhkn , ζ h)= (qn, ζ h)W ∀ζ h ∈ Wh,
for all n = 1, . . . ,N . Here uhk0 is an appropriate approximation of the initial condition u0 and ϕhk0 is the unique solution of
the second equation in Problem PhkV1 for n = 0.
The unique solvability of Problem PhkV1 follows from arguments of variational inequalities and ﬁxed point, similar to
those used in the proof of Theorem 3.1. Moreover, in the case g = 0, the numerical analysis of this problem (including error
estimates and convergence results) can be provided by extending the arguments already used in [3–5,12]. Nevertheless, to
keep this paper in a reasonable length, we skip this analysis and we pass in what follows to a brief description of the
numerical algorithm used to solve Problem PhkV1 . To this end, we consider the space of traces X = {wν |Γ3 : w ∈ V }, together
with his dual X ′ , and let Yh ⊂ X ′ ∩ L2(Γ3) be a discrete multiplier space. Then, using the arguments in [14], it follows that
Problem PhkV1 is equivalent with the following hybrid formulation, in which the multiplier λhk represents the stress on the
contact boundary.
Problem PhkV2 . Find a discrete displacement ﬁeld uhk = {uhkn }Nn=0 ⊂ V h , a discrete multiplier λhk = {λhkn }Nn=0 ⊂ Yh and a
discrete electric potential ϕhk = {ϕhkn }N ⊂ Wh such thatn=0
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β∇ϕhkn ,∇ζ h
)
L2(Ω)d −
(Eε(uhkn ),∇ζ h)L2(Ω)d + J(uhkn ,ϕhkn , ζ h)= (qn, ζ h)W ∀ζ h ∈ Wh,
λhkn ∈ ∂ IR+
(
dhν
(
uhkn
))
in Yh, (5.3)
for all n = 1, . . . ,N . Here, again, uhk0 is an appropriate approximation of the initial condition u0 and ϕhk0 is the unique
solution of the second equation in Problem PhkV2 for n = 0 and λhk0 = 0.
In Problem PhkV2 the contact functional term j(λhkn ,wh) is deﬁned by
j
(
λhkn ,w
h)= ∫
Γ3
λhkn d
h
ν
(
wh
)
da,
where dhν(·) denotes the discretized normal gap distance, i.e. dhν(wh) = wh · ν − gh for all wh ∈ V h where gh represents
an appropriate approximation of the gap. In this last equality as well as in rest of the paper, for numerical convenience,
we use ν to denote the unit outward normal vector to the rigid conductive foundation. Recall also that ∂ IR+ denotes
subdifferential of the indicator function of the positive half-line of R. The inclusion (5.3) represents the unilateral contact
condition between the discrete normal contact stress λhk and the normal gap distance dhν(u
hk
n ). For more details concerning
the equivalence of Problems PhkV1 and PhkV2 as well as the functional spaces above, we refer the reader to [14] and [25].
For the numerical treatment of Problem PhkV2 we use the augmented Lagrangian approach. To this end we consider
additional ﬁctitious nodes for the Lagrange multiplier in the initial mesh. The construction of these nodes depends on the
contact element used for the geometrical discretization of the interface Γ3. In the case of the numerical example presented
in Section 6, the discretization is based on “node-to-rigid” contact element, which is composed by one node of Γ3 and one
Lagrange multiplier node. This contact interface discretization is characterized by a ﬁnite dimensional subspace HhΓ3 ⊂ Yh .
Let Ntot be the total number of nodes and denote by αi , β i the basis functions of the spaces V h and Wh , respectively, for
i = 1, . . . ,Ntot . Moreover, let NΓ3 represent the number of nodes on the interface Γ3 and let μi be the shape functions of the
ﬁnite element space HhΓ3 , for i = 1, . . . ,NΓ3 ; so, HhΓ3 = {γh ∈ Yh: γ h =
∑NΓ3
i=1 γ
iμi}. Usually, if a P1 ﬁnite element method
is used for the displacement, then a P0 ﬁnite element method is considered for the multipliers. Then, the expression of
functions wh ∈ V h , ζ h ∈ Wh , and γ h ∈ HhΓ3 is given by
wh =
Ntot∑
i=1
w iαi, ∀wh ∈ V h, (5.4)
ζ h =
Ntot∑
i=1
ζ iβ i, ∀ζ h ∈ Wh, (5.5)
γ h =
Ntot∑
i=1
γ iμi, ∀γ h ∈ HhΓ3 , (5.6)
where w i and ζ i represent the values of the corresponding functions wh and ζ h at the ith node of T h . Also, γ i denotes
the values of the function γ h at the ith node of the contact element discretization of the contact interface. More details
about this discretization step can be found in [2,14,25].
The augmented Lagrangian approach we use shows that Problem PhkV2 can be governed by a system of nonlinear equa-
tions of the form
R(δun,un,ϕn, λn) = A˜(δun) + G˜(un,ϕn) + F(un,ϕn, λn) = 0, (5.7)
that we describe below. First, the vectors δun , un , ϕn and λn represent the velocity, the displacement, the electric potential
and the Lagrange multiplier generalized vectors, respectively, deﬁned by
δun =
{
δuin
}Ntot
i=1 , un =
{
uin
}Ntot
i=1 , ϕn =
{
ϕ in
}Ntot
i=1 , λn =
{
λin
}NΓ3
i=1 , (5.8)
where δuin , u
i
n and ϕ
i
n represent the values of the corresponding functions δu
hk
n , u
hk
n and ϕ
hk
n at the ith node of T h . Also,
λin denote the values of the corresponding function λ
hk
n at the ith node of the contact element of the discretized contact
interface. We recall that the velocity δuin is deﬁned by using the following backward Euler ﬁnite difference, i.e.
δuin =
uin − uin−1
k
. (5.9)
In addition, the generalized viscous term A˜(v) ∈Rd×Ntot ×RNtot ×RNΓ3 and the generalized electro-elastic term G˜(u,ϕ) ∈
R
d×Ntot ×RNtot ×RNΓ3 are deﬁned by A˜(v) = (A(v),0Ntot ,0NΓ ) and G˜(u,ϕ) = (G(u,ϕ),0NΓ ). Here 0Ntot is the zero element3 3
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NΓ3 ; also, A(v) ∈ Rd×Ntot and G(u,ϕ) ∈ Rd×Ntot ×RNtot denote the viscous term
and the electro-elastic term, respectively, given by(
A(v) · w)
Rd×Ntot =
(Aε(vh),ε(wh))Q ∀v,w ∈Rd×Ntot , ∀vh,wh ∈ V h,(
G(u,ϕ) · (w, ζ ))
Rd×Ntot×RNtot
= (Bε(uh),ε(wh))Q + (Eε(wh),∇ϕh)L2(Ω)d − (Eε(uh)− β∇ϕh,∇ζ h)L2(Ω)d
− ( f n,wh)V − (qn, ζ h)W ∀u,w ∈Rd×Ntot , ∀ϕ, ζ ∈RNtot , ∀uh,wh ∈ V h, ∀ϕh, ζ h ∈ Wh.
Above, v , u, w , ϕ and ζ represent the generalized vectors of components v i , ui , w i , ϕ i and ζ i , for i = 1, . . . ,Ntot ,
respectively, and note that the volume and surface efforts are contained in the term G(u,ϕ).
The contact operator F(u,ϕ,λ), which allows to deal with the unilateral contact law and to take into account the
conductivity of the foundation, is given by(F(u,ϕ,λ) · (w, ζ, γ ))
Rd×Ntot×RNtot×RNΓ3 =
∫
Γ3
∇ulrν · wh da +
∫
Γ3
∇λlrνγ h da + J
(
uh,ϕh, ζ h
)
,
∀u,w ∈Rd×Ntot , ∀ϕ, ζ ∈RNtot , ∀λ,γ ∈RNΓ3 , uh,wh ∈ V h, ∀ϕh, ζ h ∈ Wh, ∀ζ h, γ h ∈ Yh.
Here the Lagrangian multiplier λ and its virtual variable γ represent the frictionless contact forces; also, lrν denotes the
augmented Lagrangian functional given by
lrν
(
uh, λh
)= dhν(uh)λh + r2
(
dhν
(
uh
))2 − 1
2r
(
distR−
{
λh + rdhν
(
uh
)})2
, (5.10)
where r is a positive penalty coeﬃcient and
distR− (x) =
{
0 if x < 0,
x if x 0.
For more details about the Lagrangian method, we refer the reader to [2,25].
The solution algorithm consists in a prediction–correction scheme based on a ﬁnite differences method (the backward
Euler difference method) and a linear iterations method (the Newton method). The ﬁnite difference scheme we use is
characterized by a ﬁrst-order time integration scheme for the velocity δun . To solve the nonlinear system (5.7), at each
time increment the variables (un,ϕn, λn) are treated simultaneously through a Newton method. Details on these classical
algorithms can be found in [2,25].
6. Numerical simulations
In this section we present numerical simulations in the study of a real-world example of Problem P , the microelectrome-
chanical switches [19]; the numerical simulations are focused on the contact process of a deformable electro-viscoelastic
body on a conductive dielectric foundation. Microelectromechanical systems (MEMS) are being recognized as enabling com-
ponents to switch or tune radio frequency (rf) components, modules or systems in manufacturing and operation. In short,
they are referred to as rf-MEMS. Most rf-MEMS involve the manipulation of air as the dielectric materials. Various designs
of capacitive rf-MEMS switches made out of nickel, aluminum, gold or zinc oxide have so far been reported in literature,
see for instance [1,11]. The mechanical simulation of switch consists in the following design concept: the switch design is
based on a suspended metal bridge (zinc oxide in our example) which connects two grounds of a coplanar wave-guide and
crosses over a signal line on which a dielectric foundation is deposited. When an external force is acting, this action pulls
the metal bridge down and contacts the dielectric, which results in a low impedance between signal line and ground line
for shunting high-frequency signal transmission.
To describe this example, we consider an electro-viscoelastic body extended indeﬁnitely in the direction X1 of a Cartesian
coordinate system (O , X1, X2, X3). The material used is assumed to be a linearly isotropic piezoceramic with hexagonal
symmetry like zinc oxide material (class 6mm in the international classiﬁcation [13]) which presents a viscous behavior. In
the crystallographic frame, the X3-direction is a six-fold revolution symmetry axis and the (X1O X3) and (X2O X3) planes
are mirrors. The electrical and mechanical loads applied to the body are supposed to be constant along the X1 direction.
As a consequence, the ﬁelds E , D , ε and σ turn out to be constant along X1. In addition, we suppose that ε11 = 0,
ε12 = 0, ε13 = 0 and D1 = 0, i.e. we consider a plane problem. Under these assumptions, the unknown of our electro-
viscoelastic contact problem is the pair (u,ϕ) where the displacement ﬁeld u = (u2,u3) belongs to the plane (O , X2, X3).
Let A = (aijkl) and B = (bijkl); then, in the system (O , X2, X3), the constitutive equations (2.1) and (2.2) can be written by
using a compressed matrix notation,⎡
⎢⎢⎢⎣
σ22
σ33
σ23
D2
⎤
⎥⎥⎥⎦=
⎡
⎢⎢⎢⎣
b22 b23 0 0 e32
b23 b33 0 0 e33
0 0 b44 e24 0
0 0 e24 −β22 0
⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
ε22
ε33
2ε23
−E2
⎤
⎥⎥⎥⎦+
⎡
⎢⎢⎢⎣
a22 a23 0 0 0
a23 a33 0 0 0
0 0 a44 0 0
0 0 0 0 0
⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
ε˙22
ε˙33
2ε˙23
−E2
⎤
⎥⎥⎥⎦ , (6.1)D3 e32 e33 0 0 −β33 −E3 0 0 0 0 0 −E3
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Table 1
Elastic and viscoelastic constants of the piezoelectric body.
Elastic (GPa) Viscoelastic (GPa s)
b22 b23 b33 b44 a22 a23 a33 a44
210 105 211 42.5 2.1 1.05 2.11 0.425
Table 2
Electric constants of the piezoelectric body.
Piezoelectric (C/m2) Permittivity (C2/Nm2)
e32 e33 e24 β22/0 β33/0
−0.61 1.14 −0.59 −8.3 −8.8
where ε˙i j = 12 ( ∂ u˙i∂x j +
∂ u˙ j
∂xi
). Note that Eq. (6.1) is obtained by the identiﬁcation
bijkl ≡ bpq =
(b22 b23 0
b23 b33 0
0 0 b44
)
, aijkl ≡ apq =
(a22 a23 0
a23 a33 0
0 0 a44,
)
,
with the rule
i j or kl = 22 −→ p or q = 2,
i j or kl = 33 −→ p or q = 3,
i j or kl = 23 or 32 −→ p or q = 4.
This rule which allows to describe the link between the fourth-order tensors of components bijkl and aijkl and the corre-
sponding second-order tensors of components bpq and apq , respectively, is obtained by using the symmetries of the various
tensors involved in the constitutive law.
In the same way, for the third-order piezoelectric tensor we have
ei jk ≡ eiq =
(
0 0 e24
e32 e33 0
)
with
jk = 22 −→ q = 2,
jk = 33 −→ q = 3,
jk = 23 or 32 −→ q = 4.
The geometry and the physical setting of this two-dimensional example is depicted in Fig. 1. To describe the boundary
of the body Ω , we set twelve points ranging from P1 to P12. The coordinates of these points are the following: P1 = (0,0),
P2 = (4,0), P3 = (8,3), P4 = (24,3), P5 = (28,0), P6 = (32,0), P7 = (32,1.4), P8 = (28.3,1.4), P9 = (24.3,4.4), P10 =
(7.7,4.4), P11 = (3.7,1.4), P12 = (0,1.4). Here and below, the length unit used is the micron (μm). We take Γ1 = Γb =
(P1, P2)∪ (P12, P1)∪ (P5, P6)∪ (P6, P7), Γ2 = Γa = (P9, P10), and the potential contact surface is Γ3 = (P3, P4). We use the
material constants given in Tables 1 and 2, in which 0 = 8.885× 10−12 C2/Nm2 represents the permittivity constant of the
vacuum. The rest of the data are the following:
f 2 =
{
(0,−25t) N/μm for 0 t  0.1 on (P9, P10),
(0,−25) N/μm for t > 0.1 on (P9, P10),
f 0 = 0 N/(μm)2, q0 = 0 C/(μm)2, qb = 0 C/μm,
ϕ = 0 V on (P3, P4),
g = 3 μm, T = 0.2 s, u0 = 0 μm.
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Fig. 3. Dependence of the normal electric displacement D · ν with respect to the electrical conductivity coeﬃcient k, for ϕ0 = −64.
The conductivity function (2.16) was used with g0 = 10−5 μm. For numerical convenience and to focus the study on the
contact process, we simulate the electrostatic pressure by a uniform mechanical load f 2 acting on the bridge’s center, i.e.
on the boundary (P9, P10).
We now provide explanation and comments on our numerical results, presented in Figs. 2–5. As usual, we use below k
and ϕ0 for the electrical conductivity coeﬃcient and the electric potential of the foundation, respectively.
First, we study the separate dependence of the normal electric displacement D · ν with respect to the data ϕ0 and k. For
this, we take k = 1 and we consider the electric potential ϕ0 = −64 which is successively halved in order to tend toward
ϕ0 = 0, i.e. we consider 9 successive values of ϕ0 from −64 to 0. Our results are presented in Fig. 2. Second, we ﬁx the
potential of the foundation at the value ϕ0 = −64 and we consider an electrical conductivity coeﬃcient k = 1 which is
successively halved in order to tend toward k = 0; so, we consider 9 successive values of k from 1 to 0. Our results are
presented in Fig. 3.
According to Fig. 2 we note that, for a given k, the magnitude of the normal electric displacement increases with the
magnitude of the potential ϕ0. A similar behavior follows from Fig. 3 which shows that, for a given ϕ0, the magnitude of
the normal electric displacement increases with the electrical conductivity coeﬃcient k. These results are compatible with
the electrical boundary condition we use on the contact surface and show the effect of the conductivity of the foundation
on the process.
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Fig. 5. Sequence of deformed meshes and corresponding electric displacement ﬁelds.
Fig. 6. Sequence of deformed meshes and corresponding electric potential.
We present now more results concerning the inﬂuence of the potential of the foundation on the process. Thus, in
Figs. 4 and 5 we plot a sequence of deformed meshes with the corresponding contact interface forces and electric dis-
placement ﬁelds, obtained for k = 1 and four different values of the potential of the foundation: ϕ0 = −64, ϕ0 = −16,
ϕ0 = −4 and ϕ0 = 0. As shown in Fig. 4, it results that the deformations localize around the contact interface and in-
crease when the magnitude of the potential of the foundation increases. We also remark that the contact forces are on
the direction of the normal vector to Γ3 and this is due to the fact that the contact is frictionless. Clearly, the magnitude
of the contact forces depends on the electric potential of the foundation. Nevertheless, due to the strong coupling of the
unknowns on the contact surface, it is diﬃcult to provide a reasonable explanation of this dependence. Finally, we note
that, as shown in Fig. 5, the magnitude of the electric displacement on the contact interface decreases when magnitude of
the potential of the foundation decreases. Again, this behavior is due to the assumption that the foundation is electrically
conductive.
Moreover, Fig. 6 shows the electric potential in the body whereas Fig. 7 represents the viscoelastic constraints in the
deformed conﬁguration for four different values of the potential of the foundation: ϕ0 = −64, ϕ0 = −16, ϕ0 = −4 and
ϕ0 = 0. It follows from these ﬁgures that, on the contact interface, the magnitude of the electric potential as well as the
magnitude of the stress (measured in the Von Mises norm) increases as the magnitude of the potential of the foundation
increases. In addition, a carefully analysis of Figs. 5 and 7 indicates that the electric displacement is more important in the
regions in which the magnitude of the stress tensor is large.
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We conclude that our simulations above describe the inverse piezoelectric effect, i.e. the appearance of strain or stress
in the body, due to the action of the electric ﬁeld, when the contact arises. Also, the simulations underline the effects of
the electrical conductivity of the foundation on the process.
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